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ABSTRACT

We show that the classical framework of probability spaces, which does
not admit a model-theoretical treatment, is equivalent to that of prob-
ability algebras, which does. We prove that the category of probability
algebras is a stable cat, where non-dividing coincides with the ordinary
notion of independence used in probability theory.

Introduction
In this paper we wish to present a model-theoretic treatment of probability
spaces. The objects we are interested in are events and random variables, and
their types are going to be their probabilities, or their distributions. And of
course, these objects admit the natural notion of probabilistic independence: as
we would hope, it turns out to coincide with non-dividing, and is in fact the
unique stable (or simple) notion of independence that the “theory” of probability
spaces admits.

In doing so there are two main hurdles to be passed. First, let us recall that
a probability space is classically defined as a triplet (2,9, i) where Q is a
set, B C P(Q) is a o-algebra of subsets of 2, and u: B — [0,1] is a o-additive
positive measure of total mass 1. The elements of B are called events, and if
a € ‘B then its measure u(a) is also called its probability. This point-oriented
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description fits our intuition of what a measure space or a measurable function
is. On the other hand, the class of probability spaces as two-sorted structures
in the signature (€, u) does not seem to have the “nice” properties which would
allow any reasonable model-theoretic treatment (as we understand it).

The problematic part of this two-sorted structure seems to be the sort of
points: For example, given events {a;: i < w}, the property a = J,,, @, which
is of fundamental importance to measure theory, cannot conceivably be defined
by a (finitary!) formula with parameters in {a;}, or even an infinite conjunction
thereof, as long as we insist on seeing events as sets of points. But then again,
we are principally interested in events and random variables, not in points, so
we look for an alternative approach that would forgo points entirely. Forgetting
the sort of points, we are left with the boolean algebra B of events equipped
with a measure function p: B — [0,1]. In the terminology of [Fre04], B is
a measure algebra; as we are mostly interested in the case where the total
measure is 1, we study in this paper the model theory of probability measure

algebras.

The framework of (probability) measure algebras turns out to suffice for all
practical purposes, with some definitions somehow turned around. For example,
random variables are now defined by the events that in the classical approach
they define {e.g., if f is a positive random variable, then we identify it with
the sequence of events ({f > t}: t € Q)). The pure boolean algebra B does
not come with a notion of countable union; however, the measure i induces one
such notion, which is the unique one with respect to which y is o-additive: thus,
in this approach, o-additivity comes for free. Also, the existence of “countable
unions” in B (i.e., the analogue of B being a o-algebra) is equivalent to B being
complete in a natural metric; if it is not then it has a unique completion, so in
some sense being a g-algebra comes for free as well.

We will try to give a pretty complete though schematic introduction to inte-
gration theory in probability measure algebras. For a more general treatment,
we refer the reader to [Fre04].

The second hurdle is that probability measure algebras do not admit a first
order treatment. The author does not consider this to be much of a deficiency,
as they do admit a natural and elegant treatment as a compact abstract theory
(cat). As such it is stable, and in fact w-stable. It is not uncountably categorical;
it is w-categorical though, and has relatively few models in uncountable cardinals
(these last properties follow from Maharam’s structure theorem [Fre04, 332B|
for measure algebras, discussed in Section 2.3).
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We refer the reader to [Bena] for a survey of the framework of compact
abstract theories. In particular, the reader is referred there for the definition
of cats, types, the topology of the type spaces, and the relations between type
spaces as given by the type-space functor. We will mostly be concerned with
Hausdorff cats, i.e., cats whose type spaces are Hausdorff.

Lowercase letters a,b,... denote single elements, or tuples thereof: here
these will usually be events in a probability measure algebra, but may also be
hyperimaginary elements (i.e., quotients of possibly infinite tuples of “real” el-
ements by type-definable equivalence relations), and thus in particular possibly
infinite tuples of elements. The precise meaning of an “element” will always be
clear from the context or explicitly stated. Uppercase letters
A, B, ... denote sets, i.e., possibly infinite tuples with no fixed enumeration.
Script letters &7, %, ... denote probability measure algebras. The notation
a =4 a’ means that tp(a/A) = tp(a’/A).

If a, b are any two tuples (possibly hyperimaginary) in a universal domain
then b is definable (bounded) over a, in symbols b € dcl(a) (b € bdd(a)) if
tp(b/a) has a unique realisation (bounded number of realisations). If a € dcl(b)
and b € dcl(a) then they are interdefinable. If dcl{(a) = bdd(a) then a is
boundedly closed.

Sometimes we wish to view dcl(a) (bdd(a)) as a set, rather than a proper
class. For this we may restrict it to all small hyperimaginary elements (i.e.,
quotients of tuples which are not longer than the cardinality of the language)
which are definable (bounded) over a: since every hyperimaginary element is
interdefinable with a tuple of small ones, there is no loss of information.

1. Point-free probability spaces

Here we develop the notion of a probability measure algebra (or probability
algebra, for short), explain why it is equivalent to classical probability spaces,
and sketch the development of integration theory in this framework.

1.1. PROBABILITY ALGEBRAS.

Definition 1.1: Let & be a boolean algebra. A probability semi-measure
on & is a function u: & — [0, 1] satisfying:
(i) plavb)+planbd) = pu(a) + pub),
(i) p(1) =1,
(iit) w(0) =0.
It is a probability measure if in addition:
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(i)’ p(a)=04=a=0.

If 4 is a probability (semi-)measure on & then we say that (&, u) is a
probability (semi-)measure algebra. Most of the time, though, we omit
u and consider it a part of the structure on &/. We may shorten probability
measure algebra into probability algebra.

A probability algebra as defined here is the same as a measure algebra in the
sense of [Fre04] with total measure one. Since we deal here with finite total
measure, some technical conditions introduced in [Fre04] are not required.

Notation 1.2: If &/ is a boolean algebra, then & denotes symmetric difference
in &.

We use @ to denote symmetric difference, as we think of it more as the
addition of the corresponding boolean ring (see Fact 2.1 below). Throughout
this paper we will use @ to denote addition in boolean rings and + to denote
addition in ordinary characteristic zero rings.

Definition 1.3: If & is a probability semi-measure algebra, we define a semi-
metric on & by d(a,b) = u{a & b). U u is a measure, then d is a metric.

Given a semi-metric space, it is natural to replace it with a metric one, and
then with its completion. Both procedures are compatible with the measure
algebra structure:

First we define a =¢ b if d(a,b) = 0. Then =, is the equivalence relation
induced by the null-measure ideal in &, so &/ /=, is a boolean algebra on which
1 is well-defined. Thus (&7 /=g, i) is a probability measure algebra on which d
is a true metric.

Assume now that & is probability measure algebra. Then it is easy to verify
that its unique completion (as a metric space) & admits a unique structure of
a probability measure algebra: if (a;) and (b;) are Cauchy sequences in &/, then
(lima;) A (lim b;) = lim(a; A b;), p(lim a;) = lim p(a;), etc.

In particular, since the metric d was defined from g, the measure function p
is always continuous.

Definition 1.4: Let & be a probability algebra, and {a;: ¢ < A} C & a family
of events. We say that b € & is the least upper bound of {a;: i < A}, in
symbols b = V;_, a;, if b > q; for all i < A and p(b) = sup,epy<o (Ve @i)-
In case A = w, which is the interesting one, then this is the same as requiring
that () = limp<y u(V;p, @:)-
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Greatest lower bounds are defined similarly.

FacT 1.5: Let {a;: 7 < A} be a family of events in a probability algebra .

(i) If b= \/,, a; (in the sense of probability algebras) then b is the Lu.b. of
that family in the sense of pure boolean algebras as well. It is therefore
unique.

(ii) There exists a countable subset I C X (depending on the family
{ai: i < A}) such that \/,_, a; exists if and only if /,.; a; does, in which
case they are equal.

(iii) If A = w, then V/, cw @i = limycy V<, @: provided at least one exists.

Proof:
(i) Assume that b=1V/,_, a;, and ¢ > a; for all 5. Then

u(b) = sup ,u(\/az-):>y(b\c):0=>czb.

we[A] < 1Ew

(i) Let w, € [\]<¥ for n < w be such that

sup p( \/ @) = sup p(\ @),

<Y ew, we< ey
and let I = J,, wn. Then
(1) sup u(\/ a;) = sup wu(\/ a).
we[l]<v i!v wE[A]<w ié{u

Clearly, if b = \/,, a; exists then u(b) is equal to the common value in
(1), and b= \/,; a; as well. Conversely, assume b =/, ; a; exists. Then
again p(b) is equal to the common value in (1). For every j < A we must
have p(a; \ b) = 0, since the contrary would yield a contradiction to (1).
Therefore b > a; for all j < A and b =V, a;.

(iii) Immediate from the definitions. W5

More generally, one can show that \/, , a; = limyepyj<o Ve, @i provided
that at least one exists, when the limit is taken over the directed set of finite
subsets of A.

By passing to the complement, a probability measure algebra admits least
upper bounds if and only if it admits greatest lower bounds. This is further
equivalent to completeness:
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PROPOSITION 1.6: A probability measure algebra 7 is complete if and only if
it admits countable (arbitrary) least upper bounds.

Proof: Assume that & is complete. Since the measure is finite, a sequence of
the form (V/,., a;: n < w) is a Cauchy sequence, and therefore its limit exists,
and equal to \/, . a;. By Fact 1.5, if every countable family has a least upper
bound, so does in fact every family.

Conversely, assume that &/ admits countable least upper bounds, and there-
fore greatest lower bounds as well. We can define for an arbitrary sequence

(a:)
limsupa; = /\ \/ a; and liminfa; = \/ /\ a;.
n<w n<i<w n<w n<i<w
Now let (a;) be a Cauchy sequence. If it has a converging sub-sequence then
it converges as well, so we may assume that d(a;,a;+1) < 27% It follows that
max{d(an, /\n<i<w a;),d(any, Vn<i<w a;)} < 27" so limsup a; = liminf a;, and
the sequence converges to this common value. b

Thus a complete probability algebra is the analogue of a o-algebra equipped
with a o-additive probability measure.

Remark 1.7: One could try to define an abstract o-algebra as a pure boolean
algebra where every countable family has a lowest upper bound. However, we
do not see how this could work out:

(i) As we said above, without measure we can say that b > a; for all ¢,
but using finitary logic we cannot say that b is minimal as such. One
undesirable consequence is that if &/ is a pure boolean algebra and b =
Vier @i in the sense of &/, but b cannot be expressed as a finite sub-
disjunction, then there is a boolean algebra & < &' and ¢ € &' such
that ¢ = \/,¢; a; in the sense of /', and ¢ # b. Thus, even though V/;.; a;
may have a value in one pure boolean algebra, it is meaningless in the
category of boolean algebras.

(i) If one tries to prove that an abstract o-algebra thus defined is equal to
a o-algebra of sets, one may run into difficulties, and in fact we do not
know if this is in general true. On the other hand, we prove below that a
probability algebra is equivalent to a concrete probability space, modulo
null-measure sets.

We find this reason enough to claim that in the abstract setting, the measure
is an essential part of the structure of a o-algebra, not to mention that the
measure allows us to remove the “o-” prefix without any loss.
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The following is more or less evident:

PROPOSITION 1.8: Let (2,8, i) be a probability space. Then (B, i) is a prob-
ability semi-measure algebra, and (B/=o, u) is a complete probability algebra.

The converse is somewhat more tricky: we know that (B/=¢, )} does not
determine (2,8, i), just as a boolean algebra can have several distinct repre-
sentations as a boolean algebra of sets.

Recall that the Stone space of a boolean algebra o/, which will be denoted
here by o/, is the set of all ultrafilters on . For every a € & we define
ad={u€ o acu}C o the family of sets {a: a € &/} forms a clopen basis
for a totally disconnected topology on &. In particular, & has a canonical
representation as an algebra of sets, namely as the algebra of clopen sets in P2

This suggests that if (7, ) is a probability algebra, we might try and present
it as (B()/=o, i), where B(2f) is the algebra of Borel sets in & and [ is
a probability measure on it. Of course, (B(&/)/=, i) would necessarily be
complete, but up to this limitation everything works fine:

THEOREM 1.9: Let (&7, 1) be a probability algebra (not necessarily complete).
Let o/ denote the Stone space of o, and let (o) denote the family of Borel
setsin of ; fora € o, let @ C & be the corresponding clopen set.

(i) There is a unique Borel measure ji on & such that for every a € o,

2) fi(@) = p(a).

And for every A € B(«),

f(A) = sup{ji(F): closed F C A}

®) o
= inf{@(U): open U D A}.

Moreover, if U is open then p(U) = sup{p(a): @ C U}, and if F is closed
then i(F) = inf{u(a): a 2 F}.
In particular, (o ,B(), i) is a probability space.

(ii) If (&7, ) is complete, then every Borel set (or for that matter, every
Lebesgue-measurable set) A C & is =q-equivalent to a unique clopen
set 4 C . In particular, identifying a € & with G/=q, we have
(B()/Z0,5) = (1), ~
Moreover, if U C & is open then U C ay, and if F C & is closed then
FDap.

(iii) If (&, ) is not complete then (B() /=0, i) is its completion, namely the
minimal complete probability algebra extending (&, ).
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Proof:

(i) Define an appropriate Riemann integral [ fdu of complex-valued func-
tions f: & — C using finite partitions of & into clopen sets: since the
clopen sets are precisely those of the form 4 for ¢ € &/, they have an asso-
ciated measure. Restricted to continuous functions, the Riemann integral
always exists (just as in the case of functions from finite intervals of the
reals) and forms a positive functional. By the Riesz representation theo-
rem [Rud66, Theorem 2.14] there is a (unique) Borel measure ji on & such
that [ fdu = [ fdi for every continuous f, which in addition satisfies (3)
(since o/ is compact and the total measure is finite). As characteristic
functions of clopen sets are continuous, we immediately obtain (2). This
shows that fi exists.

We know that in a Stone space, if F' C U are closed and open, respec-
tively, then there is ¢ € & such that F C @ C U. Using this fact, the
moreover part follows from (3); along with (2) and (3) it determines j
entirely, whence the uniqueness.

(ii) We assume now that (&, i) is complete. We need to prove that for every
A € B(&/) there exists as € & such that A =g G,: if one exists then it
is unique.

Consider first the case of U C & open, and let ay = \/;c, a. Then
U C ay, and p(ay) = sup{p(a): @ CU} = 4(U), whereby U =0 ay. This
also yields the moreover part (for closed sets, pass to complement).

We now proceed by induction on the construction of Borel sets. If
A =( da then N A = a~§x, S0 a4 = a%. If A; = aa, for every
i < w, then JA; =0 Uaa, =o \7;;, s0 a4, = V aa,. This shows that
all Borel sets are clopen modulo =.

(iii) Finally, assume that (&, p) C (&', 1) where (&', y') is complete, but
(#/, 1) maybe not so. Then the inclusion & < &/’ induces a projection
A" —» & which in turn induces an inclusion B(&/) — B(«/"). From
p C ' we easily get ji C ji', whereby (B(&)/=0, 1) C (B(") /=0, i) =
(&', LIRS

Compare this now with the point-oriented approach: if y is additive, but not

o-additive, on some g-algebra B, say u(U,;., 4i) > lim u(U,.,, 4:), then this
just means that there are missing points whose measure should have been the
difference. Thus, points are not only unnecessary, they can be simply misleading.

When (&, ) is complete, the measure space (of,B(&),[i) is particularly

nice.
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COROLLARY 1.10: Assume that (&, ) is complete.
(i) For every Borel set A,

A(A) = sup{u(a): @ C A} = ()
= inf{u(a): & D A} = ().

(ii) The meager sets ideal and the zero measure sets ideal coincide in /. In
fact, a set is meager if and only if it is nowhere-dense.

Proof:
(i) We know that for open U C &, U Cay and @(U) = p(ay). Therefore,

i(A) < inf{p(a): @ D A}
< inf{p(ay): U is open and ay 2 A}
< inf{u(ay): U is open and U 2 A}
inf{(U): U is open and U D A}
fi(4).

And i(A) = sup{u(a): a C A} is obtained by passing to the complement.
The two other equalities are obtained from these and @ C ;1 < aCA,
aDAeadA.
(ii) Let A be a Borel set. Then ji(4) = 0 < ji(4) = 0 < [L(z%) =0
A = @. Thus a set has zero measure if and only if it is nowhere-dense.
Since the zero measure sets form a o-ideal, so do the nowhere-dense ones

in this case. In general, the family of meager sets is the o-ideal generated
by the nowhere-dense sets, so here the two notions agree. 810

Definition 1.11: Let 9t denote the category of probability algebras, where
morphisms are morphisms of boolean algebras, which in addition preserve the
measure.

Thus the category 9 considers the measure a part of the information
contained in a probability algebra & € 90, so we omit x4 from the notation.
If we want to be explicit about it, we may still write po for the measure of &.

We write &/ < 4 to say that & C % and the inclusion is a morphism.

1.2. MEASURABLE FUNCTIONS. We recall that a positive measurable
function defined on a probability space (Q2,B, u) is a function f:  — [0, cc]
such that for every ¢t € [0,00] the set {z: f(z) > t} is measurable. We may
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denote this set simply by {f > t}. Clearly, it suffices to require this for every
t € Q. Two functions are said to be equal almost everywhere (a.e.) if they
differ on a zero measure set.

The analogous definition is:

Definition 1.12: A positive function on a complete probability algebra & is
a decreasing sequence f = (f;: t € Q") satisfying f, = \/_,, fs. We write (with
some abuse) f: & — [0, 00].

The event fy is also called the support of f, also denoted supp f.

If & is not complete, then a positive function on & is defined as a positive
function on its completion.

Intuitively, we view f; as the event {f > t}, whence the definition of support
and the requirement that f; = \/ ., fs.
It is quite reassuring that the two notions agree:

PROPOSITION 1.13: Let (2,8, ) be a probability space and (B/=o, u) the
associated probability measure algebra. If f: Q0 — [0, 00] is measurable, define
f as the sequence ({f > t}/=0:t € Q") in B/=o. Then the map f — f is a
bijection between the set of positive measurable functions on 2 modulo equality
a.e. and the set of positive functions on B/=,.

Proof: If f,g: Q@ — [0,00] are equal a.e. then {f > t} = {g > t} for every t,
whereby f= §. Thus the map f — f is well-defined even if f is only known
modulo equality a.e. Since r >t <= (3s > t)(r > s), f is a positive function
on B/=.

Conversely, assume that a positive function ¢ = (g;: t € Q) is given
on B/=q. Every g; is of the form A;/=¢ for some A; € B. Define f(r) =
sup{t: x € A;} (we convene that in this context, sup@ = 0). Then f(z) > ¢
< (3s > )z € A), so {f > t} = U, 4s and {f > t}/=
= (Uy>t 4s)/=0 = V51 95 = g¢- Thus f = g, and the map is surjective.

Finally, assume that f and g are not equal a.e. Then u({f # g}) > 0, and
we may assume that p({f > g}) > 0. Since {f > g} = U, o+ {f >t} N{g <t}
and this is a countable union, there is ¢ such that u({f > t} N {g < t}) > 0.

Therefore {f >t} #Z¢ {9 >t} and f 3. L RE

As before, the situation is even nicer when the probability space under con-
sideration is the Stone space of a complete probability algebra:

PROPOSITION 1.14: If o is a complete probability algebra then every positive
measurable function on & is equal a.e. to a unique continuous function f: o/ —
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[0,00]. Thus, the set of positive functions on & is in bijection with the set of
continuous functions from &/ to [0, co].

Proof: 1t suffices to show that if ¢ = (g¢;) is a positive function on & then
there exists a continuous function f: &/ — [0, 00| satisfying f = g.

Define f(x) = sup{t: = € §:}, and we already know from the proof of Proposi-
tion 1.13 that f = g. Moreover, {f >t} = U,>¢ gs, which is open, and similarly
{f >t} =Ny<t Js» which is closed, so f is continuous. | TV

From now on assume that &/ is a complete probability algebra.

If f: & = [0,00] is a positive function on & and B C [0,00] is a Borel set,
then we can define the event {f € B} € & by induction on the complexity of
B:

{fela}={f<at=N\f,

t>a

{felaoolt={f>at=\/ fu

{f €[0,00]\ B} ={f € B},
{fe ﬂBi}Z/\{fEB,-}.

<w %

(Since every closed set in [0,00] is a countable intersection of finite unions of
closed intervals, this is enough.)

If a < w, f; are positive functions for ¢ < @ and B C [0,00]* is a Borel set,
the event {f € B} is constructed in a similar manner. If ¢: [0,00]* — [0, 00] is
Borel-measurable, then g = p o f: & — [0, 00] is defined by

{g>t} ={f e ((t,])}.

For example, if f,g: & — [0, 00] and p > 0 we have

{f+g>t}: \/ (fs/\gr)v

st+r>t
{fg>t}=\ (s A gn),

sT>t
{rF>ty=1\ f.

sP >t
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Similarly, if f;: & — [0, 00] for i < w then

{sup fi> t} = \/{fz > t},
{inf f; > ¢} = \/ \{fi> s},

s>t 1
limsup f; = inf sup f;,
n i>n

liminf f; = sup inf f;.
n i2n

If lim sup f; = liminf f;, then lim f; is the common value. We leave it as an
easy exercise to the reader to verify that these are indeed the notions corre-
sponding to pointwise supremum, infimum and limit of sequences of ordinary
measurable functions up to equality a.e.

We may extend the definition of functions to other ranges:

Definition 1.15:

(i) A real-valued positive function f: &/ — [0,00) is a positive function
satisfying A\, f¢ = 0 (that is to say that {f = oo} is empty).

(i) A real-valued function f: &/ — R is a pair f = (f*, f~), where f* and
f~ are positive real-valued functions with disjoint supports. Intuitively,
f=ft—f",and ft = f* = max{f,0}, f~ = max{—f,0}.

(iii) A complex-valued function f: & — C is a pair f = (u,v), where u
and v are real-valued functions. Intuitively, f = u + fv.

It follows from Proposition 1.13 that if &/ is the probability measure algebra
of a probability space (£2,B, i), then the set of real-valued positive (real-valued,
complex-valued) functions on & is in bijection with the [0, co)-valued (R-valued,
C-valued) measurable functions on €, up to equality a.e.

Let X € {[0,0),R,C}, and f;: & — X for i < @ < w. Then events of
the form {f € B} where B C X is a Borel set, as well as the composition
@of: o = X for a Borel function ¢: X — X are defined as in the case
X =0, 0]

For example, for f,g: &/ — [0, 0),

{f=g>t}= "\ (fi~g) (where z=y=max{z—y,0}).

s—r>t
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And for f,¢9: & = R,

Frg=((ft+gN)-(F +g ) - ((f~+9)=(ft +4")),
fo=(tgt+f 9y - (g +f g,
Ifl=f*+f",

etc.

Addition, multiplication, absolute value and limits extend to complex-valued
functions in a natural manner.

We may now translate to this terminology the basics of the theory of
integration given in [Rud66], leaving it to the reader to follow the analogy.

For a € &/, we define its characteristic function y, by x,: = a for 0 <
t <1and xo¢ =0for1 <t A function of the form f = an Qi Xa; Where
a; € [0,00] and a; € & is called simple, and we can always write it such that the
a; be disjoint. If f = Y, @iX,, is simple we define [ f =3, a;u(a;), and
this is a value in [0, o] which does not depend on the particular representation
of f as a simple function. For f: &/ — [0,00] we define [ f = sup ;s gimple / 9
(here f > g if fi > g; for all ¢, or equivalently, if g = f = 0).

For a complex-valued function f: & — C and p € [1, co] we define

1= / lfz?)l/p, p# oo,

I fllco = sup{t € Q: f; # 0},
Ly() = {f: 4 = C || fllp < o0}

Since the total measure is finite, p < ¢ = L,(&) 2 L,(&7), and if & is infinite
then the inclusion is strict. For f = u+iv € L; (&) we say that f is integrable,
and define

/f:/[(u+—u_)+z'(v+—v_)]=/u+—/u_+i/v+—i/v_.

This is a well-defined complex value.

If a € & is an event and f is either positive or in L;, then fa f=/rfxa

As the definitions we gave coincide with classical definitions when passing to
measurable functions on &, we obtain in particular that the monotone con-
vergence theorem, Fatou’s lemma, and the dominated convergence theorem all
hold.

We will also need the following tool:
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Definition 1.16: Let of < % be complete probability algebras, and f: & —
[0,00] or f € L1(%#) a function. We say that a function g: &: — [0,00] or
g € L1(#/), accordingly, is the conditional expectation of f with respect to
&, in symbols g = E[f |&/], if for every a € &7,

4) /ag=/af-

If b € B and g = E[x, |&/], we also call g the conditional probability of b
with respect to &, in symbols g = P[b|&/].

FAacT 1.17: Let & < % be complete probability algebras.
(i) For all f as in Definition 1.16, E[ f |/ ] exists and is unique. In particular,
Plb|ef] exists for all b € 2.
(ii) X fo,fi: & — [0,00] and go,91: & — [0,00], or fo,fr € Lp(#B) and
90, 91 € Ly(2/), for some pair of conjugate exponents p, g, then

Elgofo+ g1f1|9] = goE[fo |2 ] + g1 E[f1 |<].

(iii) The monotone convergence theorem holds over &, i.e., if f,: B — [0, 0]
are increasing and f = lim f,, pointwise then E[f|&/] = imE[f, |#/].
Similarly for Fatou’s lemma and dominated convergence.

Proof: See [Fre03, Section 233]. LBt

2. The category of probability algebras

The results of the previous section provide sufficient justification to replace the
classic context of probability spaces with that of (complete) probability algebras.

2.1. FREE AMALGAMATION. Recall that a boolean ring is a unitary ring
where every element is idempotent. This implies in particular that it is com-
mutative of characteristic 2. Moreover:

FacTt 2.1: The giving of a boolean algebra structure (&, A,V,€) and of a
boolean ring structure (&, -, @) are equivalent, where the passage in one direc-
tion is given by ab=aAb, a®b = (aV b) \ (a Ab), and the other by aAb = ab,
aVb=adbPab,a’=1@a.

We therefore identify boolean algebras with the corresponding boolean rings
and vice versa.
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FAcT 2.2: Let A be a commutative unitary ring, and idem(A) the set of
idempotents in A. For a,b € idem(A) define aAb=ab,aVb=a+b—ab,
a°=1-aand a®b=a+b—2ab. Then (idem(A), A, V, ) is a boolean algebra,
and (idem(A), -, @) is the corresponding boolean ring.

Proof: One way to see this is to observe that (idem(A),A,V,¢) is precisely
the boolean algebra of clopen sets in Spec(A4), and that (idem(A),-, @) is the
corresponding boolean ring.

Alternatively, one can verify “by hand” that (idem(A),-,®) is a ring, since
then it is a boolean ring and (idem(A4),A,V,¢) is the corresponding boolean
algebra. Clearly, 0,1 € idem(A), and it is closed for products. The rest is
verified as follows:

(a®b)? = (a+b—2ab)? = a® + b% + 4a°b* + 2ab — 4ab — 4ab®

=a+b—2ab=a®b,
(adb)dc=a+b+c—2ab—2ac—2bc+4abc=a® (bDc),
a®0=a+0-0=aq,

(a ® b)c = ac + be — 2abc = ac @ be. [ 2
Construction 2.3: Recall that 9t denotes the category of probability measure
algebras, whose morphisms preserve the boolean structure as well as the measure
(Definition 1.11). Let o/, %,4 € M, and let f: € — &, g € = & be
morphisms. Identifying them with the corresponding boolean rings, we can
define ¥ = & Q®¢ H: then Z is also a boolean ring, and we identify it with
the corresponding boolean algebra. Define D = L®(&) ® poo(gy L®(#), and
consider the sequence

E[-}#]

9 —X > idem(D)C L®(%)

a®bl——> Xa ® Xb fogr——E[f|F]E[g|¥]

where x' and E' [— |¥’] are induced by the appropriate - and L>°(%)-bilinear
maps, respectively, and the inclusion in the middle serves as a means to pass
from characteristic 2 to characteristic 0.

For h € D we can define ["h = [E [h|€], and for d € 2 define u(d) = [’ X
Then

u(av ) = [ (v xe) = [0+ X = Xaw) = (&) + (&) - ().

It is easy to verify that u{1 ® 1) = 1 and p(0 ® 0) = 0, so u is a semi-measure.
As every element of 2 can be written as the sum of disjoint elements of the
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form a ® b, in order to verify that y is a measure it would suffice to show that
if yla®b) =0then a®b=0. But pla®b) = [E[x, |Z]E[xs|¥], and this
is zero only if E[x, %] and E[x;|%] have disjoint supports (since these are
positive functions). In this case there is ¢ € € (say the support of E[x, |%])
such that a < f(c) and b< g(c)¢,s0 a®@b=(a A f(c))@b=a® (bAg(c)) =0
as required.

Define k: & = 2 by a = a® 1. Then u(k(a)) = pla® 1) = [E[x.|¥] =
J Xxa = p(a), so k is a morphism of probability algebras. Similarly for I: Z = 2
defined by b — 1 ® b, and moreover ko f =log.

We call 2 = of ®@¢ % (equipped with k,l) the free amalgam (in the sense
of probability algebras) of & and & over €.

It should be noted about the difference in approach between model theory
and analysis that [Fre04] contains the construction of the free amalgam of two
measure algebras over nothing (i.e., over the trivial algebra), whereas we require
amalgamation over non-trivial algebras as well.

Convention 2.4: From now on, all the probability algebras under consideration
are sub-algebras of an ambient probability algebra.

For the time being, until we prove the existence of a universal domain, this
ambient algebra may vary and we assume it is part of the context.

Notation 2.5: If o, % are boolean algebras then &/ A # is the boolean algebra
generated (in the ambient algebra) by &/ U .

Definition 2.6: Assume that € < &, % are boolean algebras. We say that
djﬂg%ifd/\,@§d®cg%.

LEMMA 2.7: Let ¥ < &/, 9. Then the following are equivalent:

CYRCAN IS
(i) For everya € &/ and b € %,

PlaAb|%] =Pla|€]PD|¥].

(iii) For every two functions f: & — [0,00], g: B — [0,00] or f € Lp(&/),
g € L,(%B) (where p and q are conjugate exponents),

() E[fg|€] =E[f|€]E[g]|¢].

Proof:
(i)=(il) Since & | ., %, we may identify &/ A # with &/ ®¢ £. Then, with
the notation of Construction 2.3, we have for all a € &, b € & and
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cEF,
[ Bl 1B %] = [ xeElxa [€1E w6 1#)
~ [ Bl [61E [wone €]

- / Xaotone = B ® (BAC)

=p((@a®@)A(1®(bAC))
=ulaANbAc) = /xaAb.
(4
(ii)=-(iii) Since (5) holds for characteristic functions, by positive linearity it
holds for positive simple functions; by the monotone convergence
theorem, for arbitrary positive functions; and by C-linearity, for
functions whose product is L;.
(iii)=>(i) The mapping (a,b) = a A b is €-bilinear, and induces a morphism of
boolean algebras o: & ®¢ B — & A PB. Tt is clearly onto, and

pan) = [xaxs = [Elxan ¥
= [ Bl ¢]B [0 €] = ua s )
Therefore ¢ is an isomorphism of probability algebras. [ Y

LEMMA 2.8: Let & and € < % be boolean algebras (note that here we do not
require that € < &/ ), and let &' = & A€. Then the following are equivalent:

(i &' L%

(G) If f: & = [0,00] or f € L1(PB), and we consider it as defined on & N B,
then
(6) E[f|€]=E[f|#].

(So, in particular, E( f |#] is €-measurable.)
(iii) (6) holds for characteristic functions (of events in &/ ).

Proof:
(i)=(ii) Let f: & — [0,00] or f € Li(#/). Then we need to verify that for all
b e B,

/,, Bl71¢) = [ EDGELf [5]1¥] - [EU 1R 1)

=/E[be|cf]=/be:/bf'
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(ii)=(iii) Clear.
(i))=(ii) Forae o/, be Band c€ ¥,

E[XarcXs |€] = XE[E[xaXs |B]1€] = xE[xsE[xa |B]|€]
= XCE[XbE[Xa ]%] ]%] = E[Xa/\c l%]E[Xb I%] .

As every a' € &' is a disjoint union of events of the form a A ¢, we
obtain (5) for x.. s

2.2.  CONSTRUCTING A CAT. Starting with the category 9, we look
for an underlying logical structure following the method described in
[Ben03a, Section 2.3].

The category 9 of probability algebras is a concrete category [Ben03a,
Definition 2.26], which satisfies in addition:

Injectiveness: Since a = 0 <= pu(a) = 0, measure-preserving
morphisms have to be injective.

Tarski-Vaught property: This one says that if &, %8 < ¥ and
o C B assets, then & < Z. It should be clear from the definitions.

Elementary chain property: If (&4: ¢ € I) is an increasing chain
(according to <), then «7; < |, & for every j, and |, & is minimal
as such.

Amalgamation: Any two probability measure algebras can be
amalgamated over a common sub-algebra: use free amalgams, for
instance.

Thus, the type of a tuple [Ben03a, Definition 2.30] is precisely the isomor-
phism type of the probability algebra it generates. For every set of indices
I, S;(9M) is the set of all I-types, i.e., types of I-tuples (this is indeed a set
and not a proper class). If f: I — J is any mapping, it induces a mapping
f*: Ss(OM) — S1(9N) sending the type of a J-tuple (a;: j € J) to the type of
(af(i): ¢ € I). This defines a contravariant functor $(9M) from sets to sets.

The type of a finite tuple is determined by the probabilities of the atoms of

V= ¢ and if acy is a

the algebra it generates. Let us convene that a® = a, a
. . e .

finite tuple and € € 2™ then a® = A, af’,

Then we obtain a bijection between the set of all n-types (i.e., types of n-tuples)

S, (M) and the (2™ — 1)-dimensional simplex:

Sa(@) = {we 0,12 3 o0 we =1},
tp(acn) + (u(@): € € 27).

a;', l.e., the atom corresponding to €.
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Let us identify S, (90t) with the simplex as above. If f: m — n is any map, then
0 Sn(P) = S (M) is given by

[rw)e = Z Ws-

Seam: (5}(0) ,...,(5{(m_1))=§

Thus, considering each S, (90) with the topology induced from R*", it is clear
that every f* is continuous and therefore closed.

By the characterisation of types above, the type of an infinite tuple is deter-
mined by the types of its finite sub-tuples, so 9 has locality of types [Ben03a,
Definition 2.32]. By [Ben03a, Lemma 2.35], S(IM) is a set type-space functor
[Ben03a, Definition 2.18]. With the topological structure induced on S, (9) as
real simplexes, S, (M) is a compact topological type-space functor, and so 9 is
a compact abstract elementary category.

The locality of types tells us that the functor S(9t) is determined by its
restriction to finite index sets. To be more precise, for every set I we have a
natural bijection:

Si(M) = lim Sy, ().
IoCI finite
(Since the family of finite subsets of I with inclusions forms a directed system, its
image under S{9M) forms an inverse system, and there is always a mapping from
left to right; by locality of types it is injective, and by [Ben03a, Remark 2.34] it
is surjective.) This defines on S;(9M) a compact and Hausdorff topology, as the
inverse limit of compact and Hausdorff spaces.

Forn < w, & € 2™ and r, s € Q, define an n-ary predicate P, s, s(Z); let £ be
the set of all such predicates, and let A be the generated positive fragment, i.e.,
the set of all positive quantifier-free £-formulas. We understand the predicate
P, zrs(Z) as saying that s < p(Zf) < r: this defines a natural interpretation
of every probability measure algebra as an L-structure. The type of an n-tuple
in a probability measure algebra determines which predicates of this form it
satisfies, and therefore which A-formulas it satisfies: thus every ¢ € A in n free
variables defines a subset [¢] C S,(91). Moreover, it is fairly straightforward
to verify that these sets form a basis of closed sets for the topology on S, (9)
viewed as a real simplex.

Having defined A, a II(A)-sentence is a sentence of the form Vi—¢(Z) where
@ € A. By Thyy(a)(90) we mean the set of all [I(A)-sentences true in every prob-
ability measure algebra (viewed as an L-structure according to the interpretation
given above).
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THEOREM 2.9: Let T™ = Tha)(9M). Then T™ is a positive Robinson theory
(see [Ben03a, Section 2.1]), and S(T™) = §(9M) with the topology induced from
R. In particular, T is Hausdorff (i.e., its type spaces are HausdorfF). Moreover,
every e.c. model of T™ is a probability measure algebra.

Proof:  Most of this comes from [Ben03a, Theorem 2.38]. Its statement and
proof are actually for a signature containing an n-ary predicate for every closed
subset of S, (M) (see the proof of [Ben03a, Theorem 2.23] on which it relies);
but any signature containing a predicate symbol for each member of a basis of
closed sets for S, (9M) would do just as well, and our signature £ is such.

Since S(T™) = S(9M) as topological functors, S(T™) is Hausdorff, so T™ is.

The said theorem promises us that every e.c. model of T™ is a subset of a
probability algebra, so we have to show that it is closed for boolean combina-
tions. But y = ¢ is defined by p(zx Ay) =0A pu{z° Ay®) =0,and z=2x Ay is
defined by pu(z Az¢) = 0A u(z Ay°) =0 A u{z Ay A 2°) = 0, so any e.c. model
is closed for boolean combinations. (By “u{z A y) = 0” we actually mean the
formula P, (0,0),0,0(%,y), “p(z°Ay®) = 0" means P, (1,1),0,0(z,9), etc. Using this
technique we may work as if the boolean operations were function symbols in
the language.) b

Finally, we characterise types:

PRrROPOSITION 2.10: Let % be a complete probability algebra, and a an
element. Then tp(a/%) determines and is determined by the conditional prob-
ability Pla |[#]. If A is any set of events, then tp(A/%B) (determines and) is
determined by the types over % of every event in the algebra generated by A.

Proof: Given our language and the fact that 4 is an algebra (rather than just
a set) it should be clear that tp(a/%) determines, and is determined by, the
mapping b — p(a A b) for b € 4. But the same can be said of f = P[a|%], as
it is the unique %-measurable function satisfying [, f = u(a A b) for all b € 2.

Similarly, tp(A/%) is determined by the mapping (a,b) — p(a A b) where
b € % and a in the algebra generated by A. k.10

2.3. ADDITIONAL PROPERTIES. For every n < w consider the inclusion f,: n
< n+ 1, and the corresponding restriction map f: Sp+1(9M) — S»(M). Then

i (we: 0 € 2™1) (Wro +wy1: 7 €27),

which is clearly an open mapping. Thus, by definition of an open cat
[Ben03c, Section 3.4]:
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PRroPOSITION 2.11: 9N is open; equivalently, the language we gave above for
M eliminates not only the existential quantifier, but also the universal one.

We recall from [Benb] that a definable metric on a sort of the universal
domain is one such that the properties d(z,y) > r and d(z,y) < r are type-
definable. We further recall that every Hausdorff cat with a countable language
admits a definable metric which is unique up to uniform equivalence. In our
case, the natural metric d(a,b) = p(a @ b) is definable, and we only conclude
that it is uniformly equivalent to any other definable metric.

We recall from [Benb] that a complete model is a subset M of the universal
domain which is complete with respect to one (any) definable metric, and the
types over M realised in M are dense in S(M) (we also recall that in an open
cat, it suffices to verify this property for 1-types). The complete model plays the
role of elementary sub-models of the universal domain in the first order context.

PRrROPOSITION 2.12:

(i) The complete models of T™ are precisely the complete atomless
probability algebras.

(ii) The complete models of T™ are w-saturated in the classical sense (there
is a discussion in [Benb] of a weaker notion of w-saturation which is some-
times required, but this is not the case here).

(iii) T™ is w-categorical (i.e., all its complete models which are separable in
the metric topology are isomorphic). Moreover, it remains w-categorical
when one adds finitely many elements as constants to the language (unlike
for first order theories, the moreover part does not follow in general from
w-categoricity for cats; see [BBH] for an example).

Proof: Clearly, a complete model has to be atomless. Conversely, let &/ be a
complete atomless algebra. Then for every finite tuple a<, € &/, every 1-type
over a.n, is realised in & (i.e., for every choice of Az € [0,p(a%)] for & € 27,
there is b € &7 such that u(b A a¥) = As for all £ € 2™). Since every open set
in §) (&) contains (the set of extensions of) a complete type over a finite tuple,
the types realised in & are dense in S1(&/).

This argument shows also that every complete atomless algebra is w-saturated.
It follows that T™ expanded by finitely many constants is w-categorical: by
standard back-and-forth one constructs a partial isomorphism between two
dense sets of separable models, which extends uniquely to an isomorphism.
b2
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By Maharam’s theorem [Fre04, 332B], if & is a complete model of T™*, i.e.,
a complete atomless probability algebra, then there exists a partition of 1 € &
into (finitely or) countably many disjoint non-empty events {a;: i < a} (where
a < w), and distinct infinite cardinals {k;: ¢ < a}, such that for inside each
a;, & is isomorphic to the measure algebra of {0,1}*, shrunk by a factor of
p(a;). In other words, if we define a semi-measure p;(a) = %"{—2‘-2)—2 and let
o = (A, w;), & = ;0/=0, then & is isomorphic to the measure algebra
of {0,1}%. In this case, the density character of & (the least cardinality of a
dense subset) is sup &;.

Thus the isomorphism type of & is determined by a mapping i — (1(as), £4),
and in density character  there are at most (x + 2¢)* = k* models.

In case kK = w, we must have « = 1, ap = 1 and kg = w, which is an alternative
proof that every complete separable atomless probability algebra is isomorphic
to that of {0,1}¥, which is in turn isomorphic to that of [0, 1].

3. Random variables

It should be observed first that the property y =V,
since it would require us to know the rate at which u(V/,_, #;) converges to

x; is not type-definable,

u(y). It follows that the property of being (the representation of) a function is
not definable, as it includes the requirement that f; = V., fs.

If we remove this problematic requirement, we are left with the class of all
decreasing Qt-sequences Fy = {(fi: t € QF): f; < fiforalls > ¢}. On the
one hand, for every f € Fp there is a unique positive function g such that
{g >t} < fi <{g>t})forallt € Q". On the other, if u({f = t}) > 0,
this does not determine f; entirely. Define Er(Z,7) = Ao [t > ys Ayt > x]:
then Ef is an equivalence relation on Fp, and two tuples f, f’ represent the
same function if and only if Er(f, f/). It follows that F = Fyy/Er is in a natural
bijection with the set LY of all positive functions, and we will identify a function
f with the equivalence class f/Er € F that represents it (sometimes, with some
ambiguity, we may identify f with f).

We recall that in general, a property pg(zg) of a hyperimaginary variable
zg = T/ E is type-definable if and only if the property pr(Z/E), as a property
of the tuple Z (i.e., the pull-back of pg to the home sort), is type-definable. The
same rule applies for properties of several variables, possibly in several different
hyperimaginary sorts (see [Ben03a, Example 2.16]).

For the case of realisations of F', we have a more useful criterion. For every
n-tuple of positive functions f°,..., f*~!, and Borel set X C [0, 00", we define
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the event {f<" € X}.

LEMMA 3.1: For every closed K C [0,00]" and r € R, the property
p({z<™ € K}) > r is type-definable (in F™).

Proof: Let K, denote the family of all subsets K C [0,00] for which the
statement holds.

For simplicity, let us first consider the case where n = 1 and K = [a,b] for
some a,b C [0, 00, and let a random variable f be represented by (fi: t € QF).
Then {f € K} = {a < f <b}, and u({f € K}) > r if and only if

i:Elz[ A zsft]A[ A szf]/\u(Z)Zr,

t<a,teQ+ t>b,teQt

since the maximal event satisfying the conditions on z is precisely {a < f < b}.
(We remind the reader that an existential quantification of a partial type is
logically equivalent to a partial type.)

Now let n be any natural number, and K a union of m closed boxes: K =
Uicm [T <nlaij, bis] € [0,00]™. Then by the same reasoning, u({f<" € K}) >r
if and only if, for some (any) representatives (f’: j < n), there exist events
(zi5: 1 <m,j < n) such that:

(i) Foralli <m and j <n,

A %'jﬁff]/\[ A ZijS(fg)c]'

t<a;;,t€QT t>bi;,teQt
(ii) And in addition,
N( \/ /\ Zij) 2T
i<m j<n
This is a type-definable property of the representatives (f7: j < n). Thus
p({f<™ € K}) > r is a type-definable property of f<", and every finite union
of closed boxes is in K.
Assume now that K; € K, for every 1 < w, (K;: i < w) is a decreasing
intersection, and K = (), K;. Then {f<" € K} = A, {f<" € K}, and
p({f<" € K}) = inf;c, {f<" € K;}. Thus

p{f<me K} >r e \p({fm e K}) 2],
i<w
and the latter is type-definable by assumption on the K;. As every closed set
K C [0,00]™ is the intersection of a countable decreasing sequence of



180 I. BEN-YAACOV Isr. J. Math.

finite unions of closed boxes, we have proved that K, contains every closed
set. s

We leave it to the reader to verify that the arithmetic operations we considered
above for positive functions are type-definable on F (i.e., their graphs are).

More restricted classes of functions, such as real-valued ones, or L,, are not
type-definable, since they do not impose any uniform bound on the distribution.
On the other hand, if we are given a uniform bound on the distribution in the
form of a positive real-valued function f, then the class

B, ={g: o =C N pllad > ) < ul(f > t})}

s>t

(o> C \ntlad S o) 21 -l > 1)}

s>t

is type-definable by Lemma 3.1 (without parameters: we don’t really need f,
we only need its distribution). Moreover, if f € L, then By C L;, and if f € L,
then integration is definable on By, by which we mean that for every closed
subset X C C, the set {g € By: [g € X} is type-definable. We leave this to
the reader as an exercise, pointing out that the way integration will be defined
must depend on the distribution of f.

Let us return to the type-definable set F' = L9 of all positive functions (that
is, valued in [0,00]). We recall from [Benb] that the set F' carries a natural
topology, namely the logic topology, which is the one induced by any definable
metric, as long as one exists. Moreover, since the language is countable, a
definable metric exists on every countable hyperimaginary sort, and in particular
on that of F, and we might as well look for a natural one.

First, for every real number ¢ >  define

de = {(.’L‘,y) € [0,00]21 Ia:—yl <eVuw,y2> 1/5}7

noting that whatever value we may assign to |oo — 00| is irrelevant to the defi-
nition of §.. Moreover, if we interpret 1/0 = oo, then &y is also well-defined and
is precisely the diagonal of [0,00]%. For ¢ > 0, & is a neighbourhood of this
diagonal, and the family {d.: € € (0,1)} is a basis for its neighbourhoods.

For f,g € LY define

d(f,g) <e = u({(f,9) €d:}) >1—¢,
d(f,9) = inf{e € [0,1]: d(f,g) < e}
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Note that the event {(f, g) € d.} is by definition equal to

{If —gl <etv{fig =2 1/e},

and that the infimum is actually attained, by continuity of the measure.
It is fairly straightforward to verify that d(f,g) > ¢ if and only if

p{lf —gl 2 e} A({f <1/epv{g<1/e})) 2 e

Thus, by Lemma 3.1, both d(f,g9) < ¢ and d(f,g9) > ¢ are type-definable
properties, and d is a definable metric.

It should be clear from the definition that if f has values in [0, 00), then
d(gn, f) — 0 if and only if g, — f in measure. Since every two definable
metrics are uniformly equivalent, this property holds for every definable metric
don F.

4. Stability

We prove that 90 is stable, and in fact w-stable, and characterise dividing
independence.

4.1. INDEPENDENCE. Let a,b and ¢ be tuples of events, and &/, & and ¢
the boolean algebras generated by ca, cb and c, respectively. Define a | b i
o | B

Then this relation satisfies:

Symmetry: Clear by Lemma 2.7.
Transitivity: Clear by Lemma 2.8.

Extension and stationarity: By this we mean that given a, b and c,
there is a’ such that tp(a'/c) = tp(a/c) and a’ | b, and that these
two properties determine tp(a’/bc). For this we may replace each of
a,band c by &, % and ¥ as above. Let 2 = of Q¢ B, and embed
it in the universal domain sending the copy of # in 2 back to %.
Then the copy of & in 2 gets sent to some &', and a gets sent
to some o satisfying the conditions. Conversely, by the uniqueness
of the free amalgam, if tp(a”/c) = tp(a/c) and a” | b, and &" is
generated from a'c, then &" A 4 is isomorphic over & to &' A &,

whereby a’ =, a”.

Finite character: Let A be an infinite set of events, and & generated
by Au®. If A | %, then clearly Ao | £ for every (finite)
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Ap C A. Conversely, if @ € &7, then a is generated by ¥ and some
finite Ag C A, so it suffices to know that Ag \]ﬂg & to conclude that
Elxa 8] =E[x.|%].

Local character: Let & and % be boolean algebras, and assume at
first that 98 is complete.
For every a € & define f, = E[x, |#] € L>°(#), and let ¥ < B be
the boolean algebra generated by all the events of the form {f, > t}
for t € Q" (in other words, € is the minimal boolean algebra by
which all the f, are measurable). In particular, E[x, |#] = f, =
E[x.|?] for every a € &, so & | . % by Lemma 2.8, and |%| <
||+ w.
If # is not complete, then every event of the form {f, > t} is in
the completion of %, but not necessarily in 4 itself. In that case,
it is in the completion of a countable sub-algebra, and we can take
% < P to be generated by all of those: then we still have that every
fo 1s €-measurable and |%| < |&/| + w, so the same argument goes
through.

Which implies:

THEOREM 4.1: 9 is stable, non-dividing coinciding with the classical notion
of independence of events.

Moreover, every type over a set of events is stationary: therefore, every set of
events is boundedly closed.

Proof: Stationarity implies the independence theorem for types over sets of
events, and thus in particular for Lascar strong types. Therefore, by [Ben03b,
Theorem 1.51], 9 is simple, with all types being extendible (by the extension
property; it is also proved in {Ben03c] that in a simple Hausdorff cat every type
is necessarily extendible). Stationarity is also a special case of types having
bounded multiplicity, so by [Ben03b, Theorem 2.8], 91 is stable.

For the moreover part, stationarity of types of tuples of events over sets of
events implies the stationarity of types of hyperimaginary elements over sets of
events. Thus, if A is a set of events and a € bdd(A) is possibly hyperimagi-
nary, then every extension of tp(a/A) to a type over Aa is non-dividing. By
stationarity, tp(a/Aa) is the unique such extension, whereby a € dcl(A4). Thus
bdd(A4) = dcl{A) and A is boundedly closed. [ PR
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4.2. ENTROPY.

Definition 4.2: Let a, be a finite set of events, B any set, and let % be the
complete algebra it generates. The entropy of @ over B is defined as

H(a/B) = —/ > Pa°|B) g, oP & | 2],
ge2n
where we extend z 1g, z by continuity to 01g, 0 = 0. In other words, if & is the
finite algebra generated by @, then the sum is taken over all the atoms of <.

FacT 4.3: For any finite tuples @ and b, and for possibly infinite sets C' and
D, the following hold:
(i) (Monotonicity) H(a/C) > H(a/CD), and equality holds if and only if
al,D.
(ii) H(a/ U<, Cs) =limp 00 H(a/ U;c,, Ci)-

)
(iii) The complete algebra generated C contains a if and only if H(a/C) = 0.
(iv) (Additivity) H(ab/C) = H(a/Ch) + H(b/C).
(v) (Symmetry) Let I(a;5/C) = H(a/C) — H{(a/Cb). Then I(a;5/C) =
I(b;a/C), and it is equal if and only if @ |, b.
(vi) We always have H(a<,/C) < n, and equality holds if and only if a | C
and all the a; are independent of probability 1.

Proof: Most of this is proved in [Wal82, Chapter 4].

A proof that H(a/CD) = H(a/C) => a | , D only appears there where
C = o; however, replacing probability with conditional probability one can
translate the proofs of [Wal82, Theorems 4.4 and 4.8] to work over the algebra
generated by any set C.

Symmetry is a consequence of additivity.

For n = 1 and C = @, the last item is basic calculus, and the general case
follows by additivity and monotonicity. M3

It follows that entropy serves as a real-valued dimension function, and
independence is characterised by non-decreasing dimension. The information
function 1(@;b/C) gives a numerical value to the dependence between G and b
over C.

4.3. MISCELLANEA.
PROPOSITION 4.4: I is w-stable (as defined in [Benb]).

Proof: We need to prove that for every countable set A there is a separable
(with respect to the metric) set B realising every 1-type over A. Let X and Y,
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respectively, be two copies of [0, 1] equipped with the Lebesgue measure. Let
o = B(X)/=¢ and B = B(X x Y)/=o, where B(X) means the algebra of
Borel sets in X. The projection X x ¥ — X induces an embedding & < £.
Now, the set A can be embedded in a separable atomless complete algebra,
which by w-categoricity is isomorphic to &/. Since % is separable, it would
suffice to prove that it realises every type over .

Let a be any element in an ambient universal domain. We know that tp(a/ <)
is determined by its conditional probability f = Pla|2/]. This is a function
f: & — [0,1], which we may identify with a measurable function f: X — Y.
Let o’ C X x Y be the area under the graph of f. Then Pld'|&/] = f by
construction, whereby o’ =, a. Since a’ € B, we are done. [

PROPOSITION 4.5: Let &/ and % be complete probability measure algebras,
and let € be the minimal complete sub-algebra of % with respect to which
IP [a | %] is measurable for every a € &7 .

Then Cb(« /%) (the canonical base of lstp(s/ | $B), see [Ben03b, Section 3])
is interdefinable with €.

Proof:  Since & \L%%, it would suffice to prove that Ch(«//¥) is inter-
definable with 4. We know that tp(&/ /%) is stationary, and therefore Lascar
strong; therefore, Ch(%//¥) is the class of (an enumeration of) ¥ modulo a
type-definable equivalence relation, and we wish to show that this equivalence
relation is equality.

Going back to the construction of canonical bases, we see that it suffices to
show that for every 2, if 2 =, € (for some fixed enumeration of € and 2)
and & | 2 (in which case & | % as well, by comparison of ranks), then
€ = 2 with the same enumeration. Indeed, in this case we have P[a|%] =
Pla|€A2]=Pla|2]foreverya € &. Since € = 2, and tp(«/,€) says that
% is a complete boolean algebra generated by events of the form {P[a |¥] > t},
we conclude that € = 2. L

Recall that if (G, -) is a type-definable group (i.e., its domain, as well as the
graph of the group operation, are type-definable by partial types) then g € G is
generic if for every a € G,a | g = g-a | a. Recall also from [Ben03c] that
in a simple thick cat (and therefore, in a stable Hausdorff cat) type-definable
groups have generic types. A stable type-definable group is connected if it
has no type-definaible sub-groups of bounded index, or equivalently if it has a
unique generic type (this equivalence is proved as for first order theories).
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FACT 4.6: 9 interprets a group, namely the additive group of the underlying
boolean ring. This group is connected, and its (unique) generic type is that of
the event of probability 3.

Proof: We know that generic elements exist. Let a be generic, and write
z = p(a). Assume that a | b, and write also y = u(b), assuming it is neither 0
nor 1. Then a® b | b, whereby

p(a A b) = pla)u(d) =
pula ®b) = p(a) + p(b )—2u(a/\b)—:v+y 2xy,
zy = p(b) — plaAb) = u(b~ a)
1((a ® b) Ab) = p(a @ b)u(b) = y(z +y — 2zy)
(24 - 2y) =y* -y

By Proposition 2.10, the fact that p(a) = £ determines tp(a). As there is a
unique generic, the group is connected.
It follows that a is generic over & if and only if E[x, |#/] is the constant }

bis

This could be viewed as a re-statement of the common wisdom saying that if
you have absolutely no information on the probability of a given event, just call
it fifty-fifty. ...

5. Hyperimaginaries and Galois theory

We show that 7" admits weak elimination of hyperimaginaries, but there are
hyperimaginaries which cannot be eliminated even in favour of finitary ones.

In [BB04a] it was suggested that hyperimaginaries should be understood in
two steps: first, understand boundedly-closed hyperimaginaries (i.e., ones for
which bdd(a) = dcl(a)); then understand arbitrary hyperimaginaries via their
Galois groups Gal(a) = Aut(bdd(a)/a). Even though [BB04a] was written with
the extremely easy case of Hilbert spaces in mind, much of the development
holds in arbitrary Hausdorff cats (which are, we recall, cats whose type-spaces
are Hausdorff).

5.1. BOUNDEDLY CLOSED SETS.

Definition 1.1: A cat T admits weak elimination of hyperimaginaries if
for every hyperimaginary a there exists a tuple b € bdd(a) in the home sort
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(a “real” tuple) such that a € dcl(b); equivalently, if every boundedly closed
hyperimaginary is interdefinable with a real tuple.

The following result is proved implicitly in [BB04a] in the special case of
Hilbert spaces.

PROPOSITION 5.2: Let T be a stable Hausdorff cat, and assume that for every
two tuples of real elements a and b, if tp(a/b) is stationary then Cb(a/b) is
interdefinable with a real tuple. Then T admits weak elimination of hyper-
imaginaries.

Proof: Let ag be the class of a real tuple @ modulo a type-definable equiva-
lence relation F, and assume that ag is boundedly closed. Then tp(a/ag) is
stationary, and it is an easy exercise to see that Cb(a/ag) = ap. Let b=,, a
be such that a . J_,aE b. Then tp(a/bd) is stationary, and Cb(a/b) = ap, which is
therefore interdefinable with a real tuple. [ F9S

COROLLARY 5.3: Every boundedly closed set is interdefinable with a (unique)
complete probability algebra.
Therefore, T™ admits weak elimination of hyperimaginaries.

Proof:  Assume that bdd(a) = dcl(a). Then by Proposition 4.5 and Proposition
5.2, a is interdefinable with a set A of real elements. Thus a is interdefinable
with the set of all real elements definable over A, which is simply the complete
probability algebra generated by A.

Clearly, two distinct complete boolean algebras cannot be interdefinable.

B3

The same reasoning yielded the same result for Hilbert space in [BB04b].

5.2. GALOIS THEORY. For the time being, we work in an arbitrary Hausdorft
cat T'.

For a hyperimaginary a, we define Aut(a) as the group of all permutations of
dcl{a) induced by automorphisms of the universe. Aut(a) is an invariant of the
interdefinability class of a; we would like to render it a topological group.

Recall from [Benb] that the topology induced by the definable metrics (on a
fixed sort) is the one for which the type-definable sets (with parameters any-
where in the universal domain) form a basis of closed sets. We call this the logic
topology. A nice feature of the logic topology is that if A is some subset of the
universe (in a single sort), then the type-definable subsets of A with parameters
in A form a basis for the induced topology on A. Also, if Z = (z;: 1 < @) is
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a tuple of variables in various sorts, then the logic topology on the sort of Z
is the Tychonoff product of the logic topologies on the sorts of the z; (if « is
countable, this follows from the fact that we can combine definable metrics on
the sorts of the variables z; to a definable metric on the sort of Z, which induces
the product topology; if « is not countable then essentially the same argument
can still be carried through using the notion of an abstract distance defined in
[Benb]).

We define the topology on Aut(a) as that of pointwise convergence, i.e., as
a subset of dcl(a)3°(®) in the power topology: this is clearly interdefinability
invariant. Note that g € Aut(a) is completely determined by g(a), and for every
other b € dcl(a), p(z,y) = tp(a,b) defines the graph of a partial mapping which
is continuous, sends a to b, and commutes with every g € Aut(a). It follows
that the topology on Aut(a) is that of convergence on g, i.e., the minimal such
that the mapping g — g(a) is continuous. Thus, the family of all subsets of the
form {g € Aut(a): F ¢(g(a),b)}, for any p(z,b), forms a basis of closed sets
for Aut(a). Since moreover g(a) € dcl(a) for all such g, if we restrict this to
the family of all sets of the form {g € Aut(a): F ¢(g(a),a)}, where p(z,y) is
any formula both of whose variables are in the sort of a, we still have a basis of
closed sets.

As a side remark, assume that a is an enumeration of a set B = {b;: 1 < A},
and every g € Aut(a) induces a permutation on B: then the topology on Aut(a)
is that of pointwise convergence of functions from B to itself. In the case studied
in [BB04a], when a is an enumeration of a Hilbert space, Aut(a) is its unitary
group equipped with the strong operator topology.

For g € Aut(a), define p? € Sj4)x2(T) as tp(g(a),a). Then the preceding
discussion proves:

PROPOSITION 5.4: The mapping g — p? is a topological embedding of Aut(a)
in Sja|x2(T)-

It follows that:
LEMMA 5.5: The map mo: Aut(a)? = S|ajx3(T) defined by

(g, h) + tp(gh(a), h{(a)},a)

is a topological embedding.

Proof: The map is clearly injective, and we need to show that it is a homeo-
morphism with its image.
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The important part is the continuity. Fix a pair (g,h) € Aut(a)?, and let
p(z,y,z) = mo(g,h) = tp(gh(a), h(a),a). Consider a basic neighbourhood of p,
defined by a negative formula ~p(z,y,2). Then p%(z,y) A p"(y,2) A (z,y,2)
is contradictory, and since 7" is Hausdorff there are neighbourhoods — of p?,
and —y of p" such that —¢(z,y) A =x(y,2) F =¢(z,y,2). Let U and V be the
pull-backs of =¢(z,y) and ~x(z,y) from Sj4|x2(T) to Aut(a). Then U x V is a
neighbourhood of (g, h) whose image under my is contained in —~¢(z,y, z). Thus
mg is continuous at every point (g, h) € Aut(a)?.

To see that it is actually an embedding, we observe that a basic closed set in
Aut(a)? is of the form ¢(z,y) X ¥(z,y), where we identify Aut(a) with its image
in Si4)x2(T) and a formula with the set of its realisations in the image. The
image of ¢(z,y) x ¥(x,y) is defined (in the image of mp) by ¢(z,y) A ¥(y, 2),
which is closed as required. [

And we conclude:

PROPOSITION 5.6: With the topology defined as above, Aut{a) is a topological
group.

Proof: Inverse is clearly continuous. To see that product is continuous we use
Lemma 5.5 and the fact that p9*(z,y) = 32p9(x, 2) A p*(z,y), which defines a
continuous map Syq|x3(T") —* Sja|x2(T)- [

This topology is not, in general, compact. However, the compact subgroups
correspond to hyperimaginaries:

THEOREM 5.7: There is a Galois correspondence between compact subgroups
of Aut(a) and interdefinability classes of hyperimaginaries b satisfying:

(i) b€ dcl{a) C bdd(d).

(ii) Every automorphism fixing b (pointwise) fixes dcl(a) setwise.
(The first condition may be interpreted as saying that a is a bounded extension
of b, and the second as saying that it is a Galois extension.)

The correspondence associates to each such b the subgroup

Aut(a/b) = {f € Aut(a): f(b) = b}.

Proof: Assume that b satisfies the conditions. If p(z,t) = tp{a,b), then

Aut(a/b) is defined in Sj,)x2(T) by Jtp(z,t) A p(y,t). It is therefore compact.
Given a compact subgroup G < Aut(a), it is defined in Sj4|x2(T) by a partial

type G(z,y). Then G(z,y) is an equivalence relation on tp(a), and we can
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define b = a/G. Then b € dcl(a) by definition, and the set of b-conjugates of a
is {g(a): g € G}, which is bounded, whereby a C bdd(b).

Finally, we show the correspondence. First, let b satisfy the conditions G =
Aut(a/b) and ¢ = a/G. Then an automorphism fixing b fixes dcl(a) setwise by
assumption, and acts on a as an element of G, whereby it fixes ¢. Conversely, if
an automorphism fixes c, it must send a to g(a) for some g € G: since b € dcl(a)
and g € Aut(a/b), b must be fixed. Thus b and c are interdefinable as required.

In the other direction, let G < Aut(a) be compact and b = a/G. Then one
verifies easily that G = Aut(a/b). [

Remark 5.8: As usual, if ¢ C a is a Galois extension and ¢ C b C a then
b C a is always a Galois extension, and ¢ C b is a Galois extension if and only
if Aut(a/b) < Aut(a/c).

For every hyperimaginary a, define the (absolute) Galois group of a as
Gal(a) = Aut(bdd(a)/a).

COROLLARY 5.9: For every hyperimaginary a, Gal(a) is a compact subgroup
of Aut(bdd(a)), and a is interdefinable with bdd(a)/Gal(a). Conversely, if a is
boundedly closed, G < Aut(a) is compact, and b = a/G, then Gal(b) = G.

(This was proved in the particular case of Hilbert spaces in [BB04a), using
more concrete means.)

5.3. THE CASE OF PROBABILITY ALGEBRAS. Previous results yield that every
hyperimaginary is interdefinable with & /G, where & is a complete probability
algebra, and G < Aut(%) is compact in the topology of pointwise convergence.
Also, since the language is countable, every hyperimaginary is interdefinable
with a sequence of countable hyperimaginaries (i.e., quotients of countable
tuples).

We conclude by showing that this is indeed the best we can do: unlike Hilbert
spaces, we cannot eliminate hyperimaginaries to finitary ones.

Indeed, let a be a finitary hyperimaginary, say b<,/E where b, is a finite
tuple of events and E an equivalence relation. Then bdd(a) is interdefinable
with a complete algebra &, and & C bdd(b<,). Then in fact & is a sub-
algebra of the one generated by b.,, which is finite. It follows that Aut(%) is
finite, and therefore so is Gal(a) = Aut(&//a).

Now let @ be any hyperimaginary which is interdefinable with a tuple of
finitary ones, say a<o. For i < a let & = bdd(a;) be finite algebras as above.
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Then bdd(a) C bdd(|J, #4). But since |J, & is a set of real elements and
therefore boundedly closed, we see that bdd(a) = &/, the complete algebra
generated by |J; . Then every g € Aut(&/) fixing a<o pointwise restricts to
an automorphism of each &7, and is determined by the restrictions g; = g [« €
Gal(a;). Therefore Gal(a) = &_nwe[a] <

On the other hand, let G be any compact group, and u its Haar measure.
(The following must be well-known, but I somehow failed to find a textbook

., Gal(agy,) is a pro-finite group.

where it is done.) The Haar measure on G can be constructed via a positive
integration functional on continuous complex-valued function on G. By the
Riesz representation theorem [Rud66, Theorem 2.14] it is regular, i.e., for every
Borel set A,

w(A) = sup{u(F): F C A closed} = inf{u(U): A C U open}.

Thus for every € > 0 there are a closed and an open set F C A C U such
that u(U) — u(F) < ¢, and a neighbourhood V of the identity such that
V.FUV~1.F CU. If follows that for every g € V,

w(A® gA) < u(U N gF)+ pu(gU N F) < 2e.

This shows G acts continuously on every event in &, and since the topology
Aut (&) is that of pointwise convergence, the mapping G — Aut(&’) is continu-
ous. Since G is compact and Aut(«) Hausdorff, it is in fact an embedding, and
G can be viewed as a compact sub-group of Aut(%/). By Theorem 5.7, there is
a hyperimaginary ¢ = & /G, and Gal(a) = G.

Since G is not necessarily pro-finite, we see there are hyperimaginaries which
are not interdefinable with a tuple of finitary ones.
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